We compute the deformation rings of two dimensional mod l representations of Gal(F /F ) with fixed inertial type, for l an odd prime, p a prime distinct from l, and F/Qp a finite extension. We show that in this setting (when p is also odd) an analogue of the Breuil-Mézard conjecture of [BM02] holds, relating the special fibres of these deformation rings to the mod l reduction of certain irreducible representations of GL2(OF ).
Introduction.
We study the deformation rings for mod l representations of the absolute Galois group of a finite extension of Q p , where l and p are distinct primes with l > 2. Let F/Q p be a finite extension with absolute Galois group G F and inertia group I F , and let O be the ring of integers in a finite extension of Q l , with uniformiser λ and residue field F. Let ρ : G F → GL 2 (F) be a continuous representation. Then there is a complete noetherian local O-algebra R (ρ) parametrising lifts of ρ. If, in addition, we fix a character ψ : G F → O × to be the determinant of our lifts, and also fix an 'inertial type' τ (that is, we fix the semisimplification of the restriction of our lift to inertia), then we obtain a quotient R (ρ, ψ, τ ) of R (ρ) parametrising lifts of determinant ψ and type τ . Geometrically, the generic fiber of SpecR (ρ, ψ) (parametrising lifts of determinant ψ) is equidimensional of dimension 3 and generically formally smooth, and SpecR (ρ, ψ, τ ) is simply a union of irreducible components of SpecR (ρ, ψ).
We obtain explicit descriptions of the rings R (ρ, ψ, τ ) in section 3. Our method is extremely explicit, using matrix equations to find a ring R (ρ, ψ, τ )
• which, when quotiented by l-torsion, yields R (ρ, ψ, τ ). In section 3.5 we examine how the special fiber of R (ρ, ψ, τ ) varies with τ , and this is all that we will use in the rest of the paper (so the reader wishing to avoid the detailed calculations may skip to theorem 13).
Sections 4 and 5 are devoted to proving an analogue of the Breuil-Mézard conjecture when l = p and p > 2. In the case l = p and F = Q p , this was conjectured in [BM02] and proved in many cases in [Kis09] ; certain cases for arbitrary F were proved in [GK13] . We formulate and prove an analogue in the geometric language of [EG13] . To state our theorem, let O F denote the ring of integers of F and recall that [Hen02] associates to each semisimple representation τ of I F an irreducible representation σ(τ ) of GL 2 (O F ) -this can be thought of as an 'inertial local Langlands correspondence'. We write σ(τ ) for the reduction of this representation mod l, and if θ is an irreducible F l -representation of GL 2 (O F ) we write m(θ, τ ) for the multiplicity with which θ appears as a Jordan-Hölder factor of σ(τ ). Note that Spec(R(ρ, ψ) ⊗ F) is equidimensional of dimension 3, and that Spec(R(ρ, ψ, τ ) ⊗ F) is a closed subscheme also equidimensional of dimension 3, and so has an associated effective 3-dimensional cycle Z(ρ, ψ, τ ) (for the language of cycles, see 3.5).
Theorem. For each irreducible F l -representation θ of GL 2 (O F ), there is an effective 3-dimensional cycle C θ on Spec(R(ρ, ψ) ⊗ F) such that, for each inertial type τ compatible with ψ, Z(ρ, ψ, τ ) = θ m(θ, τ )C θ .
Section 5 contains the representation-theoretic information about the reductions of the σ(τ ), which is combined in section 4 with the results of section 3.5 to yield this theorem (theorem 17).
Information about the rings R (ρ) and various interesting quotients of them is scattered throughout the literature, and many of our calculations in section 3 are known in some form or another. In [CHT08] it is shown that the local deformation ring parametrising 'minimally ramified' deformations is formally smooth -for us, this corresponds to taking τ 'as unramified as possible', and, in the case where ρ is unramified, demanding that our lifts be unramified. In [Tay08] , Taylor examines the deformation rings corresponding to the case that l|(q − 1) and ρ is trivial (where q is the order of the residue field of F ); he compares and counts components of the generic and special fiber for some of the possible types (in our two-dimensional case, all of the possible types). In his lecture course [Tay] , Taylor made some explicit calculations of the rings with trivial type (again in the situation of [Tay08] ) which were the model for all of our calculations in section 3. In the two-dimensional case, Pilloni in [Pil] and Reduzzi in [Red] , building on work of Kisin, have completely described the generic fibers of these rings, but using methods which lose information about the special fibers.
An extension of this result to GL n (F ), using the global methods of [EG13] , is work in progress of the author.
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2 Preliminaries.
Notation.
Suppose that l = p are primes with l > 2.
Let F/Q p be a finite extension with ring of integers O F , uniformiser ̟ F and residue field k F of order q. Let F have an absolute Galois group G F , inertia group I F , and wild inertia group P F . Let I F ։ I F / P F ∼ = Z l be the maximal pro-l quotient of I F , so that
We fix topological generators σ of this Z l and φ of thisẐ such that φ is a lift of arithmetic Frobenius. Then the action ofẐ on Z l is given by
Now let L/Q l be a finite extension with ring of integers O, residue field F and uniformiser λ, and fix an embedding L ֒→ Q l . Let ǫ : G F → Z × l be the l-adic cyclotomic character, and let ½ : G F → Z × l be the trivial character. If A is any O-algebra then we will regard these as maps to A × via the structure maps Z l → O → A. We fix a continuous representation ρ : G F → GL 2 (F), and assume that L and F are sufficiently large in the sense that the absolute Jordan-Hölder factors of ρ are defined over F and that O contains all the (q 2 − 1)th roots of unity. Let A denote the category of artinian local O-algebras with residue field F, and A ∧ the category of complete noetherian local O-algebras with residue field F which are inverse limits of objects of A. Let R (ρ) be the universal framed deformation ring for ρ, and if ψ : G F → O × is a continuous character let R (ρ, ψ) be the universal ring for framed deformations of determinant ψ.
Say that a representation τ : I F → GL 2 (Q l ) with open kernel is an inertial type if it extends to a representation of G F . If τ is an inertial type defined over L (so that it may be conjugated to land in GL 2 (L)), then for all g ∈ I F the characteristic polynomial of τ (g) has coefficients in O. If A is an O-algebra, say that ρ : G F → GL 2 (A) has type τ if, for all g ∈ I F , the characteristic polynomial of ρ(g) is the same as that of τ (g), where we compare the polynomials via the map O → A. If ψ : G F → O × is a continuous character then we say that the representation ρ has type (τ, ψ) if it has type τ and determinant ψ. It is easy to see that the functor taking an object A of A to the set of lifts of ρ to A of type (ψ, τ ) is representable by a ring which we denote R (ρ, ψ, τ )
• . Let R (ρ, ψ, τ ) be the quotient of R (ρ, ψ, τ )
• by its nilradical and l ∞ -torsion. It is the unique reduced, O-flat quotient of R (ρ, ψ) such that a continuous map x : R (ρ, ψ) → Q l factors through R (ρ, ψ, τ ) if and only if the associated representation ρ x : G F → Q l has type τ .
Let a = v l (q − 1) and b = v l (q + 1); note that at most one of a and b is non-zero, since l is odd. Three particular types will come up several times and we fix notation for them. Firstly, let τ 1 be the trivial type, corresponding to the trivial two-dimensional representation of I F . If l | q − 1 and ζ is a non-trivial l a th root of unity, let τ ζ be the type corresponding to the representation of I F which is trivial on P F and which maps σ to ζ 0 0 ζ −1 . If l | q + 1 and ξ is a non-trivial l b th root of unity, let τ ξ be the type corresponding to the representation of I F which is trivial on P F and which maps σ to ξ 0 0 ξ −1 . To see that this is a type, note that if E/F is the unramified quadratic extension, then there is a character of G E / P F mapping σ to ξ, which when induced to G F gives a representation of type τ ξ .
Reduction to the tame case.
The following lemma enables to reduce to the case where the residual representation is trivial on P F . Suppose that θ is an absolutely irreducible F-representation of P F . Then by [CHT08] , lemma 2.4.11, there is a lift of θ to an O-representation of P F , which may be extended to an O-representation θ of G θ , where G θ is the group {g ∈ G : gθg −1 ∼ = θ}. For each irreducible representation θ of P F , we pick such a θ. If M is a finite O-module with a continuous action of G F , then define
The module M θ has a natural continuous action of
Lemma 1. (Tame reduction) 1. Let M be a finite O-module. Then there is a natural isomorphism
where [θ] runs over G F -conjugacy classes of irreducible P F representations.
2. If A is an object of A, then there is a natural bijection between deformations ρ of ρ to A, and tuples of deformations ρ θ of ρ θ to A, where θ runs through a set of representatives for the G F -conjugacy classes of irreducible P F representations.
3. If R (ρ θ ) is the universal framed deformation ring for the n θ -dimensional representation ρ θ of G θ / P F , then
The isomorphism class of a representation given by an R-point of SpecR (ρ) depends only on the image in the projection
and may be deduced (via the formula given in part 1) from the isomorphism classes of the representations given by the projections
Proof. This is essentially [CHT08] , lemma 2.4.12 and corollary 2.4.13, together with the refinement to framed deformations obtained by keeping track of a basis in the construction of part 1 of the proposition, as in [Cho09] , proposition 2.0.5.
Reduction of inertial types.
Lemma 2. Suppose that ψ and ρ ss are unramified. Then the only types for which R (ρ, ψ, τ ) is non-zero are τ = τ 1 , τ = τ ζ and τ = τ ξ (the notation is as in section 2.1).
Proof. The only way that R (ρ, ψ, τ ) can be non-zero is if there is at least one representation ρ : G F → GL 2 (Q l ) of type (ψ, τ ) which reduces to ρ. If ρ ss is unramified, then ρ must be trivial on P F and its type is determined by the eigenvalues of ρ(σ). Now, the fundamental relation (1) shows that the eigenvalues of ρ(σ) are the same (but perhaps in a different order) as those of ρ(σ) q , and this implies that they are (q 2 − 1)th roots of unity. Moreover, they are congruent to 1 modulo the maximal ideal of O Q l , and so must in fact be l a+b th roots of unity, from which the lemma follows.
Twisting.
For convenience, we'd like to be able to assume that the fixed determinant is of a particular simple formusually either trivial or cyclotomic. The next lemma enables us to do this.
Lemma 3.
1. Suppose that χ :
If ψ is a character G F → O × and χ any lift of χ, then
2. Suppose that ψ 1 and ψ 2 are characters G F → O × which are congruent mod λ. Then
Proof. For 1, let χ be any lift of χ to O × (for example, the Teichmüller lift). Then there is an isomorphism of functors
given by tensoring with χ (remembering that we are considering O-algebras), which gives the first statement. Keeping track of the determinant gives the second statement. For 2, by Hensel's lemma (using that l > 2) there is a unique character χ : G F → O × such that χ 2 ψ 1 = ψ 2 and χ is trivial; then apply part 1.
We also need the calculation of the universal deformation ring of a character, to which some of our calculations reduce. This is completely standard, but we include it as a simple illustration of the method.
has l a formally smooth 1-dimensional components indexed by the l a th roots of unity.
Proof. By lemma 3, we may take χ to be trivial. If χ is any lift of χ to an object A of A, then for g ∈ P F we must have χ(g) n = 1 for some n coprime to l, and therefore χ(g) = 1, so that we are reduced to considering characters of T F . We must have χ(σ) q = χ(σ), and therefore that χ(σ) l a = 1. We are then free to choose χ(φ). Writing χ(σ) = 1 + X and χ(φ) = 1 + Y , we have shown that
, A , and so the universal framed deformation ring is as claimed.
Dealing with torsion.
The definition of R (ρ, ψ, τ ) requires that the ring be reduced and l-torsion-free. We therefore need a way to tell whether the rings we obtain have l-torsion (equivalently, whether they are flat over O); this is provided by part 2 of lemma 6. Our method is to reduce to the case of a polynomial ring over O and then apply the theory of D-Gröbner bases, which extends the theory of Gröbner bases from polynomial rings over fields to polynomial rings over principal ideal domains. Our reference is [BW93] , section 10.1, to which the interested reader should refer for the definition and basic properties of D-Gröbner bases.
Lemma 5. Suppose that R = O[X 1 , . . . , X n ] and that I is an ideal of R. Let R ∧ be the completion of R with respect to the ideal generated by the X i . If R/I is flat over O, then R ∧ /IR ∧ is also flat over O.
Proof. The completion map R → R ∧ is flat, and so by base change to R/I the map R/I → R ∧ /IR ∧ is flat. The lemma follows from transitivity of flatness.
If f ∈ O[X 1 , . . . , X r ] and > is a monomial order, then we follow [BW93] in writing HM(f ) for the highest monomial of f , HT(f ) for the term (i.e. expression of the form X a1 1 . . . X ar r ) appearing in the highest monomial, and HC(f ) for the coefficient appearing in the highest monomial. If S ⊂ O[X 1 , . . . , X r ] then write HM(S) for the set of highest monomials of f ∈ S, and similarly define HT(S) and HC(S). If I is an ideal then HM(I) is also an ideal.
Suppose that if m is a monomial with λm ∈ HM(I), then m ∈ HM(I). Then R/I is flat over O.
Proof. For part 1, suppose that g ∈ R with g ∈ I and λg ∈ I. Suppose that HT (g) is minimal amongst all such g. We have that HM(λg) = λHM(g) ∈ HM(I).
By assumption, this implies that HM(g) ∈ HM(I), so that there exists h ∈ I with HM(h) = HM(g). Then λ(g − h) ∈ I, but g − h ∈ I and HT(g − h) < HT(g), a contradiction.
For part 2, we use the fact that f 1 , . . . f r is a D-Gröbner basis for I, then HM(I) is the set of monomial multiples of the HM(f i ) (see [BW93] , exercise 10.5(v)). It is now clear that if HC(f i ) is a unit in O for all i, then the hypothesis of the first part is satisfied.
Calculations.
In all the following calculations we shall assume that (ρ, ψ, τ ) is compatible, in the sense that det(ρ) = ψ and ρ| IF is of type τ .
Our method will be (after dispensing with some cases which are easy to handle) to first determine the rings R (ρ, ψ, τ )
• by writing down explicit equations, and then to determine the l-torsion and hence find the rings R (ρ, ψ, τ ). In the results, unless we state otherwise it is to be understood that R (ρ, ψ, τ )
• = R (ρ, ψ, τ ).
Simple cases.
When ρ| PF is not a twist of the trivial representation, then lemma 1 allows us to determine easily the universal framed deformation rings.
Proposition 7. If ρ| PF is irreducible, then
and this is equal to R (ρ, ψ, τ ) for a unique τ .
If ρ| PF is a sum of distinct characters which are not conjugate by an element of G F \ P F , then
Each of the components (which are indexed by l a th roots of unity) is of the form R (ρ, ψ, τ ) for a unique τ . If ρ| PF is a sum of distinct characters which are conjugate by an element of G F \ P F , then
Each of the components (which are indexed by l b th roots of unity) is of the form R (ρ, ψ, τ ) for a unique τ .
Proof. This follows straightforwardly from lemma 1. Suppose first that ρ| PF is irreducible. Then there is a unique irreducible representation θ of P F such that ρ θ (in the notation of lemma 1) is non-zero. For that θ, ρ θ is the trivial one-dimensional representation. So by lemma 1,
Fixing the determinant is the same as fixing the lift of ρ θ , so that
and all lifts have the same type, as required. Suppose now that ρ| PF = χ 1 ⊕ χ 2 . Suppose first that the χ i are not G F -conjugate. Then lemma 1 shows that any lift of ρ is isomorphic to χ 1 ⊕ χ 2 where χ i is a lift of χ i , and that
Fixing the determinant is the same as fixing χ 1 χ 2 , and so
. The type of the universal deformation is determined by χ 1 | IF , and so by P ; the proposition follows in this case.
Suppose finally that χ 1 and χ 2 are G F -conjugate. We take θ = χ 1 ; then G θ = G E where E is a quadratic extension of F . In fact, since P F ⊂ G E and l is odd, we must have that G E is the unramified quadratic extension of F . Any deformation of ρ will be isomorphic to Ind GF GE ( χ ⊗ η) where η is a lift of the trivial representation of G E and χ is a fixed lift of χ 1 . Hence by lemma 1,
By lemma 4, we find that
Fixing the determinant is the same as fixing η(σ q+1 ) and η(φ 2 ), and so in the above presentation corresponds to fixing (1 + P ) q+1 (equivalently, (1 + P )
. Fixing the type is the same as fixing P , and the proposition follows.
We may now assume that ρ| PF is a sum of two equal characters; after a twist (invoking [CHT08] lemma 2.4.11 to extend the character to the whole Galois group), we may assume that ρ| PF is trivial. In this case, any lift of ρ| PF is also trivial. In this case, then, ρ| IF is a representation of a (procyclic) pro-l group over a field of characteristic l. Any irreducible representation in characteristic l of an l-group is trivial, and so ρ| IF must be an extension of the trivial representation by the trivial representation. Now, because φσφ −1 = σ q , ρ(φ) maps the subspace of fixed vectors of ρ(σ) to itself; it follows we find that ρ must be an extension of unramified characters. That is, there is a short exact sequence
for unramified characters χ 1 and χ 2 . Such an extension corresponds to an element of
2 ); by a simple calculation with the local Euler characteristic formula and Tate duality, this cohomology group is non-zero if and only if χ 1 = χ 2 or χ 1 = χ 2 ǫ. So we can easily deal with the case where neither of these two possibilities can occur.
Proposition 8. Suppose that ρ| PF is trivial and that ρ(φ) has eigenvalues α ∈ F and β ∈ F where α/β ∈ {1, q, q
where ζ is an l a th root of unity not equal to 1 and
; in all the other cases it is just equal to R (ρ, ψ, τ )
• .
Proof. First note that, by the above cohomology calculation, ρ(σ) must be trivial. Let α and β be lifts of α and β to O. Suppose that A is an object of A and that M is a free A-module of rank 2 with a continuous action of G F given by ρ :
, where A, B ∈ m A -note that by Hensel's lemma the characteristic polynomial does have roots in A reducing to α and β. Then there is a decomposition
Here it is crucial that α + A, β + B and α − β + A − B are all invertible in A.
Therefore we may assume that ρ(φ) = α 0 0 β and that
Looking at the top right and bottom left entries gives that Q = R = 0. Then looking at the diagonal entries gives that (1 + P ) q−1 = (1 + S) q−1 = 1, which is equivalent to (1 + P )
Fixing the determinant fixes the products (1 + P )(1 + S) and (α + A)(β + B), while fixing the inertial type fixes the quantity P + S. By twisting we may suppose that the fixed determinant is unramified; the possible types are then given by τ 1 and τ ζ (as defined in section 2.1). The equations defining R (ρ, ψ, τ 1 ) are then (1 + P ) l a = 1 and (1 + P ) + (1 + P ) −1 = 2, which are equivalent to l a P = 0 and P 2 = 0 as required. The equations defining R (ρ, ψ, τ ζ ) are (1 + P ) l a = 1 and (1 + P ) + (1 + P ) −1 = ζ + ζ −1 ; the first equation is redundant, and the second is just (1 + P − ζ)(1 + P − ζ −1 ) = 0 as required.
We extract one part of the proof of this proposition for future use:
Lemma 9. If ρ(φ) has distinct eigenvalues, we may assume that it is diagonal. In that case, there exists a unique matrix 1 X Y 1 ∈ GL 2 (R (ρ)), reducing to the identity modulo the maximal ideal, such that
Proof. This is simply the first half of the proof of the previous proposition.
q = ±1 mod l
Suppose that q = ±1 mod l. By lemma 8, we have already dealt with the cases in which the eigenvalues of ρ(φ) are not in the ratio 1 or q ±1 . All other cases are dealt with by the following (after twisting and conjugating ρ). Note that by, lemma 2, when ρ| PF is trivial the only type with R (ρ, ψ, τ ) = 0 is τ 1 . It follows that R (ρ, ψ) = R (ρ, ψ, τ 1 ) provided that the former is reduced and l-torsion free. We will write x and y for elements of F, and x and y for their Teichmüller lifts to O.
Proposition 10. Suppose that q = ±1 mod l, and that ρ| PF is trivial. Then 1. Suppose that ρ(σ) is trivial, and that ρ(φ) = 1 y 0 1 . All lifts are unramified, and
2. Suppose that ρ(σ) = 1 x 0 1 and ρ(φ) = q 0 0 1 .
Proof. For the first part, let R (ρ, ½) have maximal ideal m, and let ρ be the universal lift of ρ. Write The proof of the second part is similar. Take ρ as before. By lemma 9 we can write 
q
, and that ψ = ǫ.
Here κ = ξ + ξ −1 − 2 ∈ λO, and √ −q ∈ O is the unique square root of −q congruent to 1 mod λ.
Proof. The proof of part 1 is identical to that of part 1 of proposition 10. Suppose then that we are in the case of part 2. Let ρ be the universal lift of ρ to R = R (ρ, ψ), and let m be the maximal ideal of R. By lemma 9, we may write Suppose that τ = τ 1 , the trivial type. This is the same as demanding that trρ(σ) = 2, so that D = −A. The characteristic polynomial of ρ(σ) is then (t − 1) 2 and so ρ(σ)
Equating coefficients and observing that 2 and q − 1 are invertible in R, we obtain that A = D = 0, (x + B)V = 0 and C(V + 1 + q) = 0. From the determinant condition we get that (x + B)C = 0. If x = 0 we deduce that C = V = 0, so that
with
which is a union of three formally smooth irreducible components.
Next suppose that τ = τ ξ for ξ = 1. The condition of being of type τ is that D + A = κ. Applying Cayley-Hamilton yields ρ(σ) q − I = κ − (ρ(σ) − I), and so we get
The latter two equations are equivalent to (x + B)(
If x = 0 we find that
In this ring
.
q = 1 mod l
Suppose that q = 1 mod l. By proposition 8, we have already dealt with the cases in which the eigenvalues of ρ(φ) are not equal. All other cases are dealt with by the following (after twisting and conjugating ρ). Note that by lemma 2, the only possible types when ρ| PF and ψ| IF are trivial are τ 1 and τ ζ . We will write x and y for elements of F, and x and y for Teichmüller lifts to O.
Proposition 12. Suppose that q = 1 mod l, and that ρ| PF is trivial. Suppose that ρ(σ) = 1 x 0 1 , that ρ(φ) = 1 y 0 1
and that ψ = ½. Let η = ζ + ζ −1 − 2 ∈ λO, and let √ q ∈ O be the square root of q congruent to 1 mod λ.
2. If y = 0 and x = 0, then
where p 1 and p 2 are two prime ideals with presentations:
and
In particular, the two components of R (ρ, ψ, τ 1 ) are formally smooth of dimension 3 over O.
where p 3 and p 4 are prime ideals with presentations
is a domain of dimension 3 over O, while the minimal prime ideals of R (ρ, ψ, τ ζ ) are p 3 and p 4 , with R (ρ, ψ, τ ζ )/p 3 formally smooth of dimension 3 over O.
Proof. Let R = R (ρ, ψ, τ ) (where τ = τ 1 or τ ζ ), let m be the maximal ideal of R, and let ρ be the universal lift. We may write
First suppose that τ = τ ζ . The condition of being of type τ ζ is equivalent to A+D = η. Write A ′ = 2A−η, E = W + Z and F = W − Z. The determinant conditions give
The second of these equations determines E uniquely in terms of F, X and Y , as
Variable E does not appear in any other equations, so from now on we may ignore it and the determinant equation for φ. Since ρ (σ) has characteristic polynomial (t−ζ)(t−ζ −1 ) | t q−1 −1, Cayley-Hamilton shows that ρ (σ) q = ρ (σ). So the relation between σ and φ yields
If x = 0 and y = 0, then A ′ = BF (y + X) −1 and C = BY (y + X) −1 . This will give a solution to all of the equations provided that 4η + η 2 = (B/(y + X)) 2 (F 2 + 4(y + X)Y ) and so This follows if we can show that X is formally smooth at closed points, and connected. Formal smoothness follows from a straightforward calculation in Galois cohomology -for each point x ∈ X , if ρ x is the associated characteristic 0 Galois representation then H 2 (X , Ad 0 (ρ x )) = 0 and so X is formally smooth at x. To see that X is connected, consider the natural morphism 
Moreover there is a section defined by taking X, Y and F to be zero. This implies that X is connected, as required. Now suppose that τ = τ 1 . The characteristic polynomial of ρ (σ) being (X − 1) 2 translates to A+ D = 0. By the Cayley-Hamilton theorem we find that ρ (σ) q − I = q(ρ (σ) − I). Writing ρ (φ) = I + Φ and ρ (σ) = I + Σ the relation φσφ −1 = σ q becomes ΦΣ − ΣΦ = (q − 1)Σ(I + Φ).
So a complete set of equations (including the determinant equations) is:
We replace equations (4) and (7) by their sum and difference:
We can also rearrange equations (5) and (6) to get (x + B) ((q + 1)F − (q − 1)(2 + E)) = 2(q + 1)A(y + X) (10)
C ((q + 1)F + (q − 1)(2 + E)) = 2(q + 1)AY.
Since there is no l-torsion in R (ρ, ψ, τ ), (8) implies that
Multiplying (10) and (11) together and combining with (2) and (3) shows that
Let p be a minimal prime ideal of R (ρ, ψ, τ ), and suppose that
Then A ∈ p. From (10) and (11) we get that either x + B ∈ p and C ∈ p, or
In the second case, we get that 4E + E 2 − F 2 ∈ p, and so that Y (y + X) ∈ p. But then (9) and (12) show that x + B ∈ p and C ∈ p after all. So x + B ∈ p and C ∈ p. In particular we must have x = 0. All of the other defining equations except for (3) are true modulo (A, x + B, C), and so
Now suppose that q(2 + E)
2 − (q + 1) 2 ∈ p, so that modulo p we have 2 + E = q+1 √ q . Writing α = q−1 √ q and working modulo (2 + E − q+1 √ q , our equations (2), (3), (9), (12), (10) and (11) respectively become: It is therefore sufficient to show that Proj(grS) is irreducible. But it is easy to check that the usual six affine pieces are irreducible, so we are done. This argument is from [Tay] .
Collecting all of this information together gives the proposition.
Components
We will analyse the special fibers of the above deformation rings. First we need some preliminaries on cycles.
Definition. If X is a Noetherian scheme, then the group Z d (X ) of d-dimensional cycles is the free abelian group generated by [a] for the d-dimensional points a of X .
A cycle is effective if it is of the form n a [a] for n a ≥ 0. Say that an effective cycle C 1 is a subcycle of an effective cycle C 2 if C 2 − C 1 is also effective.
Definition. If X is a Noetherian scheme, and Z is a closed subscheme, equidimensional of dimension d, then Z(Z) ∈ Z d (X ) is the sum over d-dimensional points a:
where e(Z, a) = length OZ,a O Z,a .
In our situation, we will take X = R(ρ, ψ) ⊗ F and Z = R(ρ, ψ, τ ) ⊗ F for (ρ, ψ) compatible and τ an inertial type. Let Z(ρ, ψ, τ ) be the cycle associated to Z. We determine Z(ρ, ψ, τ ) in all cases. We will say that a point a of Z is formally smooth if its associated closed subscheme is. In the following proposition, if for a given (ρ, ψ) a type τ is not mentioned, that means that it does not appear as the type of a lift of ρ with determinant ψ (and so the corresponding cycle is zero).
Note that X always has a formally smooth point of dimension 3 corresponding to minimally ramified deformations (in the sense of [CHT08] 2.4.14 -the formal smoothness and dimension statement is [CHT08] 2.4.19). In what follows we will always denote this point by a m .
We suppose, by twisting, that det ρ and ψ are unramified.
Theorem 13. 1. Suppose that ρ| PF is not a twist of the trivial representation. Then each Z(ρ, ψ, τ ) is just [a m ] (see proposition 7).
2. Suppose that ρ| PF is trivial and that ρ(φ) has distinct eigenvalues whose ratio is not q ±1 . Then
(see proposition 8).
3. Suppose that l ∤ (q 5. Suppose that l | (q + 1) and that ρ is an extension of ½ by ½. Then
and Z(ρ, ψ, τ ξ ) = 0.
6. Suppose that l | (q + 1) and that ρ is a ramified extension of ½ by ǫ. Then
7. Suppose that l | (q + 1) and that ρ = ½ ⊕ ǫ. Then
where [a N ] and a N ′ are distinct from a m and each other, and are formally smooth points. They are the components on which ρ(σ) is upper and lower triangular respectively.
8. Suppose that l | (q − 1) and that ρ is an extension of ½ by itself. If this extension is ramified, then
If the extension is non-split and unramified, then
where a N is a formally smooth point distinct from a m .
If the extension is split, then
where [a r ] is the reduction of the p 4 of proposition 12 part 3. The closure of a r has Hilbert-Samuel multiplcity 4 (see [Kis09] 1.3 for the definition of Hilbert-Samuel multiplicity).
Proof. Most of this is immediate from propositions 7, 8, 10, 11 and 12. The only thing which is not is the analysis of the special fiber in the split case of part 8. In this case, from proposition 12, we have that 
(these are the same coordinates as before). The ideal I is not prime; a m and a r are both minimal prime ideals of R (ρ, ψ, τ ζ ) ⊗ F, and it is straightforward to check that e(R (ρ, ψ, τ ζ ) ⊗ F, a m ) = 2 whilst e(R (ρ, ψ, τ ζ ) ⊗ F, a r ) = 1. We just need to show that any other prime ideal p of F[[A, B, C, F, X, Y ]] containing I must contain a m or a r . Suppose that p is such a prime ideal. If B, C ∈ p, then A ∈ p as A 2 + BC ∈ I, and so a m ⊂ p. Suppose then that B ∈ p. As A 2 + BC ∈ I, either both A and C are in p or neither is. If A and C are elements of p, then as 2AX − BF ∈ I we must have F ∈ p. Similarly, as BY − CX ∈ I we have Y ∈ p. But then a r ⊂ p. If AC ∈ p, then A, B and C are non-zero in F[[A, B, C, F, X, Y ]]/p and it is again easy to deduce that a r ⊂ p.
That a r has multiplicity 4 is a straightforward calculation: a r is homogeneous so it suffices to calculate its multiplicity as an ideal of F[A, B, C, F, X, Y ]. The given generators are a Gröbner basis for a r with the lexicographic ordering induced by X > Y > A > B > C > F . Then the dth graded piece of
Reduction of types and multiplicities.
From now on, suppose that p > 2. Suppose that τ is an inertial type. In [Hen02] , Henniart associates to τ an irreducible continuous representation σ(τ ) of the compact group GL 2 (O F ). We study the semisimplified reduction σ(τ ) ss of these types modl: as in the introduction, we write
where θ runs over irreducible F l -representations of GL 2 (O F ). Note that the association τ → σ(τ ) is compatible (via local class field theory) with twisting. The proofs of the next two propositions are deferred until the next section.
Proposition 14. Let τ be an inertial type with det τ unramified. Then the representation σ(τ ) is irreducible unless there is a character χ of G F such that either:
for a non-trivial l b th root of unity ξ, or 2. q = 1 mod l and τ = τ ζ ⊗ (χ| IF ) for a non-trivial l a th root of unity ζ, in which case
Proof. If τ is essentially tamely ramified, this follows from the discussion of section 5. Proof. This is corollary 22 and proposition 23.
The next proposition classifies congruences between the τ . If E/F is a quadratic extension and χ is a character of G E then we denote by χ s the conjugate of χ by the non-trivial element of G F /G E , so that (Ind
Proposition 16. Suppose that τ and τ ′ are inertial types with τ ≡ τ ′ mod l. Then:
Necessarily such τ and τ ′ are wildly ramified.
Proof. This is straightforward and tedious from the classification of two-dimensional Galois representations (for which see [BH06] , 34.1 Theorem), and so we omit the proof. For a similar analysis (but for representations of G F rather than of I F ), see [DT94] section 1.
We are now in a position to prove our analogue of the Breuil-Mézard conjecture. Let (ρ, ψ) be compatible. Let X = R (ρ, ψ) ⊗ F. Then for each inertial type τ we have defined (in section 3.5) the cycle Z(ρ, ψ, τ ) ∈ C d (X ).
Theorem 17. For each irreducible F-representation θ of GL 2 (O F ), there is an effective cycle C θ ∈ C d (X ) such that, for any inertial type τ compatible with ψ, we have an equality of cycles
where m(θ, σ(τ )) is the multiplicity with which θ appears as a subquotient of σ(τ ) and the sum runs over all θ.
Proof. Note that, by proposition 15, if τ is compatible with ρ and τ ′ is not then σ(τ ) and σ(τ ′ ) can have no irreducible subquotient in common. So we may set C θ = 0 for any θ which is a subquotient of some σ(τ ) with τ incompatible with ρ, or which doesn't occur as a subquotient of any σ(τ ).
If ρ| PF is not a twist of the trivial representation then, for τ compatible with ρ, σ(τ ) is irreducible. Proposition 15 shows that σ(τ ) is independent of the choice of τ . Comparing this with theorem 13 part 1 gives the theorem.
If l ∤ q 2 − 1 then there is a unique type τ compatible with ρ, and σ(τ ) is irreducible. The theorem follows: just take C σ(τ ) = Z(ρ, ψ, τ ).
If l | q + 1 and ρ| PF is trivial, then the compatible types are τ 1 and τ ξ . From theorem 13 parts 5, 6 and 7, we see that Z(ρ, ψ, τ ξ ) is always a subcycle of Z(ρ, ψ, τ 1 ) (and that it is independent of ξ), and comparing this with proposition 14 we obtain the theorem.
If l | q − 1 and ρ| PF is trivial, then the compatible types are τ 1 and τ ζ . From theorem 13 parts 2 and 8, we see that Z(ρ, ψ, τ 1 ) is always a subcycle of Z(ρ, ψ, τ ζ ) (and that the latter is independent of ζ), and comparing this with proposition 14 we obtain the theorem.
Reduction of types -proofs.
The aim of this section is to prove propositions 14 and 15. We begin by recalling the construction of the types σ(τ ) from [Hen02] . Let U = U 0 = O × F , and let
For π an irreducible admissible representation of GL 1 (F ) or GL 2 (F ), we write rec(π) for the representation of W F corresponding to π under the local Langlands correspondence. Then:
• If τ = rec(π)| IF for a cuspidal representation π of GL 2 (F ), then by [BH06] , 15.5 Theorem, there exists a group J, containing and compact modulo Z, together with a representation Λ of J, such that π = cInd G J Λ. By conjugating, we may suppose that the maximal compact subgroup J 0 of J is contained in K. We then have σ(τ ) = Ind
The essentially tame case.
Suppose that τ is a tamely ramified, semisimple representation of G F . Then σ(τ ) is inflated from a representation of GL 2 (k F ). To be more specific, for this subsection let G = GL 2 (k F ), let B be the subgroup of upper-triangular matrices, let N be the subgroup of unipotent elements of B, let Z be the center of G and let E be the image of an embedding F q 2 ֒→ G. Fix a non-trivial additive character ψ of N . Then from [BH06] chapter 6, or [Hel10] section 3, we have:
where St is the Steinberg representation.
• If τ = (rec( χ 1 ) ⊕ rec( χ 2 ))| IF , and χ 1 and χ 2 are the corresponding characters of k
• If τ = (Ind E θ (in particular, this virtual representation is a genuine irreducible representation). We call this representation π θ and remark that it is independent of the choice of ψ.
The only isomorphisms between these representations are of the form Ind G B (χ 1 ⊗ χ 2 ) = Ind G B (χ 2 ⊗ χ 1 ) and π θ = π θ s where θ s is the character of E conjugate to θ. The irreducible representations of G not contained in the above list are χ • det for χ a character of k F .
We want to understand the reductions of these representations modulo l, and for this see [Hel10] . If q = ±1 mod l, then reduction modulo l is a bijection between irreducible F l -representations of G and irreducible Q l -representations of G. If q = 1 mod l, then
• if π is an irreducible Q l -representation of G, then π is irreducible, unless π = µ(χ 1 , χ 2 ) with χ 1 = χ 2 = χ, in which case the Jordan-Hölder factors of π are χ • det and (χ • det) ⊗ St.
• if π ≡ π ′ mod l are irreducible, then either π = χ•det and π
• if π is an irreducible Q l representation of G, then π is irreducible unless π = (χ • det) ⊗ St, in which case π has Jordan-Hölder factors χ • det (occuring twice) and (χ • det) ⊗ π 1 . Here π 1 is constructed as follows: find a Q l -character θ of E with θ = θ s and θ = θ s = ½. Such a character exists because
• if π ≡ π ′ mod l are irreducible, then either π = π θ and π
Comparing this analysis with proposition 16 shows that:
Lemma 18. If τ and τ ′ are essentially tame inertial types, then σ(τ ) and σ(τ ′ ) have a Jordan-Hölder factor in common if and only if τ ≡ τ ′ .
The wild case.
If all twists of τ are wildly ramified (we say that τ is 'essentially wildly ramified'), then the following lemma will allow us to show that σ(τ ) is irreducible. If ρ is a Z l -representation of a group H, we write ρ for ρ ⊗ F l .
Lemma 19.
Suppose that H ⊳ J ⊂ K are profinite groups such that (K : H) is finite, H has pro-order coprime to l and that J/H is an abelian l-group. Suppose that λ is a Z l -representation of J, and write η for the restriction of λ to H. Suppose that η (and hence λ) is irreducible. Suppose that if g ∈ K intertwines η, then g ∈ J. Then of J (see [BH06] , sections 15.5, 15.6 and 15.7) We have J/J 1 = k × , where k is the residue field of a quadratic extension of F , and so J has a normal subgroup J of pro-order coprime to l such that J/ J is an l-group. Then ( J, J, K, λ) satisfy all the required hypotheses -the intertwining statement follows from [BH06] , 15.6 Proposition 2.
Corollary 21. Let τ be a two-dimensional inertial type, no twist of which is tamely ramified. Then 1. The representation σ(τ ) is irreducible.
2. Let π be an irreducible admissible Q l -representation of GL 2 (F ) admitting a Z l -lattice. If π contains σ(τ ) then rec F (π) has type τ .
Proof.
1. By proposition 20, we can deduce this from lemma 19 part 3.
2. Suppose that π contains σ(τ ) = Ind Proof. If τ is tamely ramified, then σ(τ ) is trivial on K(1), so σ(τ ′ ) is also trivial on K(1) and so τ ′ is also tamely ramified. The corollary follows from lemma 18.
If a twist (by a character of G F ) of τ is tamely ramified, then untwist and apply the tamely ramified case. So now assume that τ and τ ′ are not twists (by characters of G F ) of tamely ramified representations. Then σ(τ ) and σ(τ ′ ) are irreducible. We have that σ(τ ) is a constituent of π| K for some irreducible admissible representation π of GL 2 (F ). Moreover, after an unramified twist of the supercuspidal support of π -which will not affect π| K -we may assume that π admits a lattice (see [Vig96] 4.12 and 4.13). Then π contains σ(τ ) = σ(τ ′ ). By corollary 21, rec F (π) has type τ and type τ ′ ; therefore τ ≡ τ ′ mod l.
In the other direction, we have:
Proposition 23. Let τ and τ ′ be two-dimensional inertial types. If τ ≡ τ ′ mod l, then σ(τ ) and σ(τ ′ ) have a common Jordan-Hölder factor.
Proof. If τ and τ ′ are essentially tame, then this is contained in lemma 18. Otherwise, by proposition 16, we are in one of the following cases:
1. τ | PF is irreducible, and so τ ′ is a twist of τ by a Galois character χ of I F with χ = ½. In the first case, the proposition follows from compatibility of τ → σ(τ ) with twisting.
In the second case, we may write χ i = rec F (ǫ i ) and χ In the final case, we have that θ = rec E (ξ) for an admissible pair (E, ξ) (in the language of [BH06] , section 18), and similarly we have an admissible pair (E, ξ ′ ) with ξ ≡ ξ ′ . In particular, ξ and ξ ′ are equal on U 1 (E) = 1 + p E . By assumption, they have equal exponents N ≥ 2. We check that, following the construction of [BH06] , section 19, the cuspidal types (J, Λ) and (J ′ , Λ ′ ) associated to ξ and ξ ′ are equal. Firstly, since ξ and ξ ′ have exponent at least two and agree on U 1 (E), the associated simple strata (A, N, α) and (A ′ , N, α ′ ) may be taken to be equal, which implies that the groups J and J ′ are equal. If N is odd,
A and Λ is defined by Λ| U N +1 2 A = ψ α and Λ| E × = θ, and the same for Λ ′ . It follows that Λ ≡ Λ ′ mod l and hence that σ(τ ) ≡ σ(τ ′ ) mod l. If N is even then the conditions determining Λ are more complicated, but in a similar way they imply that Λ = Λ ′ . See [Hel10] , in particular remark 4.7 and the discussion immediately preceding it.
